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Abstract: The paper aims to present a numerical method used for kinematics analysis of a spatial differential mechanism. The
numerical method is based on writing in matrix form of kinematics dependence equations between rigid solids that make up the
system. We finally obtain a system of first order differential equations that integrates using numerical integration methods and we
obtain the values of kinematics parameters that characterize the mechanism configuration. In the paper is presented only zero-order

kinematics analysis that is positional analysis.
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1. INTRODUCTION

We consider the spatial differential mechanism shown in
the figure below (fig.1). This mechanism has one degree
of freedom. Further on, we plan to perform its zero-order
kinematics analysis that is to determine the values of the
position kinematics parameters that characterize the
configuration of the mechanism at a given time.

In order to do this, we will consider a fixed reference
frame T(Oxyz) relatively to which we study the
movement of the entire mechanical system (mechanism)
and four mobile reference frames T;(Oixyyiz) (i=1,..,4)
which are integral with each rigid solid that make up the
mechanical system.
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2. WRITING KINEMATICAL EQUATIONS
BETWEEN THE RIGID SOLIDS THAT MAKE
UP THE SYSTEM

The kinematical relation between the rigid solids “1”” and
“2” may be written in matrix form in the following way:

{or} =[Ry]-{oy} (D
In equation (1) the measurements involved have the
followings mathematical expressions:

T

2

{or} = [(Dxl i @y, i 0321]
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T

{('02}: [(")xz 1 Oy, '('022] (3)
cosa | 0| —sino
______ 4

[Ry]J=| 0 {1} 0 4
SO

In relation (4), “a” represents the angle between the axes
0;x; and Oyx; of the reference systems T,(Ox,y,z;) and
T»(0,x,y27,) respectively. The value of this angle is
constant. Vector quantities {®;}and {0, } are expressed

in projections on the axes of the mobile reference frames
T1(0O1x1y1z1) and Ty(O2x,y225).
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The kinematical relation between the rigid solids “2” and
“3” may be written in matrix form in the following way:

[Ry]-{os3} = {0z} +[R]- {423} (%)

In equation (5) the measurements involved have the
followings mathematical expressions:

{(’03} = [mX3 i 0)}/3 i (’023 ]T (6)
fant=[10}q,] %)
cos qp3 1 0} —sin qs3
______ J T il
[Ro]=| 0 i1, © ®)
______ S S
sinqp3 | 0] cosqp3

Vector quantities {w;}and {q,3}are expressed in
projections on the axes of the mobile reference frame
T3 (O3X3y3Z3).

The kinematical relation between the rigid solids “3” and
“4” may be written in matrix form in the following way:

[R3]-{og} = {03} +[R3]-{d34} )

In equation (9) the measurements involved have the
followings mathematical expressions:

fog} = oy, toy, 1o, (10)

{d24} =[01q34 1 0]" (11)
cosqsq |01 —sinqsg

[Rs]=| 0 j1i 0 (12)

Vector quantities {w,}and {q34}are expressed in
projections on the axes of the mobile reference frame
T4(O4X4Y4Z4).

The kinematical relation between the rigid solid “1” and
the element which is supposed to be fixed (zero element
or frame) may be written in matrix form as followings:

[A]-[Ryp]-{oy} = {0} =[010]"  (13)

In equation (13) the measurements involved have the
followings mathematical expressions:

[a] = [1424 (14)
=|=—==1=
0/110
c0s 1o | ~sin g | 0
[Rip]=|sin @i | cosorp 0 (15)
0o ' 0 Il
where:
P19 = D, = 0, (16)

The kinematical relation between the rigid solid “4” and
the element which is supposed to be fixed (zero element
or frame) may be written in matrix form as followings:

[B] [Ryo] - {os} = {0} =[010]" (17

In equation (13) the measurements involved have the
followings mathematical expressions:

5] = 44 (13
=|=—-—+--
010!1
1y 0 | 0
Sl I B
[R4o] =0} cosByy | —sin By (19)
R . fool W
0!'sinByy | cosBy
where:
é40 = (DX4 Oy, (20)

Equations (1), (6), (9), (13), (16), (17) and (20) form a
system of sixteen first order differential equations with
sixteen unknowns that may be solved using numerical
integration methods and determine the kinematical
parameters of the four rigid solids that make up the
mechanical system (mechanism). The kinematical study
was performed over a period of two seconds. The angle
between the axes O;x; and O,x, has the value of ten
degrees. The results are shown in figures 2-16. Thus, in
figure 1 is shown the variation in relation to time of the
self-rotation angle @;, of the rigid solid “1”. Analyzing
the figure it may be observed a linear variation of the
angle in relation to time which corresponds to a uniform
rotation around the axis O;z;..
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Fig. 2. Self-rotation angle size variation with respect
to time

Figure 2 shows the variation in relation to time of the
rotation angle around the axis O,x;. Analyzing the figure
it may be seen that the angle @, . is zero constant value

which means that rigid solid “1” has no rotating
movement around this axis.
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In figure 3 is shown the variation with respect to time of
the size of the rotation angle around the axis Oy;.
Analyzing the figure we see that the angle Dy is zero

constant value throughout the movement which means
the rigid solid “1”” does not rotate around this axis.
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Fig. 3. Variation of angle of rotation around the axis
Ox;(d % ) with respect to time

In figure 4 is shown the variation with respect to time of
the rotation angle ®, around the axis O,z;. Analyzing

the figure it may be seen that the size of the
angle @, presents a linear variation with respect to time

which is identical with the size variation of the self-
rotation angle ¢y, presented in figure 1.

-18
1
6X OY T T T T T T T T
w=10° |
7 S O O '8
g o o
bR A T T 71 Ak e it R o B el
>\'—' | | | | |
o T R " R
R e e e L. W aaiis! | Iaahie
cD | | | | | | | |
S Y
S SERRE R EEEEEEEEE & AR
_4 i Il i i i i Il i i
0 02040608 1 12141618 2

time [seconds]
Fig. 4. Variation of angle of rotation around the axis
Oy (D W ) with respect to time

This is explained by the fact that between the sizes of the
two angles exists the differential relation (16). It may
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also be seen that the angle @, increases continuously

throughout the movement
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Fig. 5. Variation of angle of rotation around the axis
0,z ( (1)Z1 ) with respect to time

In figure 5 is shown the variation with respect to time of
the rigid body “2” rotation angle ®,, around the axis

0,x,. Analyzing the figure it may be seen a linear
variation of the size of the angle in relation to time. One
can see that the angle ®, increases continuously

throughout the movement. In figure 6 is presented the
variation with respect to time of the rigid body “2”
rotation angle Dy, around the axis O,y,. Analyzing the

figure we see that throughout the movement the
angleCIDyz has a constant value equal to the angle a.

Angle “a” is the angle between the axes O;x; and O,x; of
the reference systems Ti(Ox1y;1z;) and T,(0,x,y,2;)
respectively. The angle “a” is ten hexadecimal degrees.
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Fig. 6. Variation of angle of rotation around the axis
0,x; ( Dy, ) with respect to time
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Fig. 7. Variation of angle of rotation around the axis

Oy2 (D vs ) with respect to time

In figure 7 is shown the variation with respect to time of
the rigid body “2” rotation angle ® 2 around the axis

0,z,. Analyzing the figure it may be seen a linear
variation of the size of the angle in relation to time.
Comparing the figures 4 and 7 it may be seen a rather
great similarity between graphs describing the variations
of the two angles. It may also be seen that the angle

®,, increases continuously throughout the movement.

In figure 8 is shown the variation with respect to time of
the rigid body “3” rotation angle Dy, around the axis

O;x;. Analyzing the figure it may be seen a periodic
variation between two minimum and maximum limits of

the angle size @ ..
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Fig. 8. Variation of angle of rotation around the axis
0,25 ( D, ) with respect to time
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In figure 9 is shown the variation with respect to time of
rigid body “3” rotation angle Dy, around the axis Osys;,

Analyzing the figure it may be seen a periodic variation

between two minimum and maximum limits of the angle
sized 3
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Fig. 9. Variation of angle of rotation around the axis
O3x3 (D % ) with respect to time

In figure 10 is shown the size variation with respect to
time of the rigid solid “3” rotation angle ®,, around the

axis O;x;. Analyzing the figure it may be seen that the
angle size variation is not linear. It may also be seen that
the angle ®,, increases continuously throughout the

movement.
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Fig. 10. Variation of angle of rotation around the axis
Os3y; (@ Vs ) with respect to time

In figure 11 is shown the size variation with respect to
time of the rigid solid “4” rotation angle ®, , around the

axis O4xy,
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Analyzing the figure it may be seen a periodic variation
between two minimum and maximum limits of the angle
size Dy, .

It should be noted that the angle of rotation @, is
identical to the nutation angle 0, of rigid body “4”.
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Fig. 11. Variation of angle of rotation around the axis

0323 ((1)Z3 ) with respect to time

In figure 12 is shown the size variation with respect to
time of the rigid solid “4” rotation angle @ 4 around the

axis Ouys. Analyzing the figure we see that the
angle® . is zero constant value throughout the

movement which means the rigid solid “4” does not
rotate around this axis.
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In figure 13 is shown the size variation with respect to
time of the rigid solid “4” rotation angle @, A around the

axis O4z4. Analyzing the figure we see that the
angle ®, 4 is zero constant value throughout the

movement which means the rigid solid “4” does not
rotate around this axis
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Fig. 13. Variation of angle of rotation around the axis

Ouys (D V4 ) with respect to time

The figure 14 presents the variation with respect to time
of the angle describing the relative motion between the
rigid solids “2” and “3” of the system. Analyzing the
figure it may be seen a linear variation of q,; angle size
with respect to time. One can also notice a similarity
between the appearance of graphs shown in figures 7 and
14 only difference being the sign. One can also see that
the qp; angle increases continuously throughout the
movement.
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Fig. 14. Variation of angle of rotation around the axis
0424 (D 24 ) with respect to time

The figure 15 presents the variation with respect to time
the variation of the angle describing the relative motion
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between the rigid solids “3” and “4” of the system.
Analyzing the figure it may be seen a periodic variation
between two minimum and maximum limits of the angle
size q34.
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Fig. 15. Variation in relation to time of the relative
rotation angle between rigid solids “2” si “3”

One can also notice a resemblance between the graph
shape shown in figure 16 and the form of the graphs
presented in figures 11, 10 and 9. The initial value of q34
angle is equal to the angle value “a” expressed in
radians. In all fifteen graphs presented in the paper
angular measurements values are expressed in radians.
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Fig. 16. Variation in relation to time of the relative
rotation angle between rigid solids “3” si “4”
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3. CONCLUSIONS

In order to perform the study of the mechanical system
kinematics were used kinematical equations written in
matrix form.

The paper was presented only zero-order kinematical
study that is positional analysis. The method can also be
extended to first order kinematical study that is speeds
kinematical survey.

Numerical method presented in the paper has a high
degree of generality it ca be applied to any mechanical
kinematical study.
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