The Scientific Bulletin of VALAHIA University - MATERIALS and MECHANICS — Nr. 6 (year 9) 2011

NUMERICAL METHOD USED TO ANALYZE ZERO-ORDER AND THE FIRST ORDER
KINEMATICS OF THE CARDANIC TRANSMISSION
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Abstract: The paper presents a numerical method for kinematics analysis of zero order and first order of the cardanic transmission.
For this purpose we first determine the differential equations describing the movement of the mechanism. These equations are written
in the matrix form. Then, the system of differential equations obtained is solved using numerical integration methods.
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1. INTRODUCTION

The cardanic transmission is used to transmit motion and
power between two competing motor shafts. The angle
between the two motor shafts is different from zero and
may vary even during the transmission operation. The
range of this type of transmission is very high. This type
of transmission is known under different names such as:
universal joint, Hooke coupling, cross cardan [1].

It is considered the cardanic transmission in the figure
below as presented in [1].
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Fig.1 Cardanic Transmission

In the figure above, the relationship between the angular
speed of the leading and angular speed of the led element
can be written as follows [1]:

3 :[cosa/(l—(sin(x)2 ~(cos¢1)2)]-a)1 (1)

where:

w;-angular velocity of the leading element of the
mechanism

w3 -angular velocity of the led element of the

mechanism

o - angle between elements marked with 1 and 3 (fig.1)
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@; - angle of rotation of the element marked with
1(fig.1)

The analytic relationship between the angular
displacement of the leading element and the angular
displacement of the led element can be written as
follows:

tg(p3) = cos(a) 1g(p;) ()

In the relationship (1) the following notation is
introduced:

A= [cos a/(l—(sin a)? -(cos ?; )? )] 3)

Using the notation expressed by relationship (3), the
relationship (1) will be written as follows:
w3 = A- Q]

“

Deriving the relationship (4) with respect to time we will
obtain:

;=A-0;+4 0, (5)
where:

w; =dw; /dt 6)
A=d4/dt =B (7
Using the relationship (7) the relation (5) becomes:

w3 =A4-0;+B w; (8)

In relationship (8), B is given by the following relation:
B= —[(sin o)? coso - sin(2 - go,)/(l — (sina)*(cos (0,)2)2} ;9

We believe that the angular speed of the leading element
is supposed to be a constant so the following relationship
may be written:
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B =0

(10)

Between the angular displacement of the leading element

and its angular velocity we have the following
relationship:
¢ =] Y

Between the angular displacement of the led element and
its angular velocity following relationship may be
written:

93 =w;3 (12)
The relationships (8), (10), (11) and (12) form a system

of four first order differential equations which may be
written in matrix form as follows:

[C]- {4} =[D] (13)
where:

{gy=la; o3 1o 1 o5]" (14)
{gt=lo; lo; Lo L os]" (15)

In relation (13) [C] represents a square matrix with four
lines and four columns which has the following
expression:

erjez o o
[C]= Ezl__i_c_z_z_,:_fzi_i_c_z_“. (16)

S jem (o5 |0

C41 1Cyp 1C43 1Cyq
11 =cos a/(l—(sina)2 -(cos ¢, )2) (17)
¢y =1 (18)
ci3=¢c14 =0 (19)
¢y =1 (20)
Cpp =Cp3 =Cp4 =0 @1
31 =C3p =C34 =0 (22)
¢33 =1 (23)
Cq1 =Cqp =C43 =0 24
cu =1 25)

In relation (13) [D] represents a column matrix with four
lines and one column which has the following expression:
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[D]=[d}; | dg; | d3y [dy]” (26)

dj = [sin o? cosocsin(Zga,)/(l —sina?(cos g, )2)2} (o) 27)

dy; =0 (28)
d31 =y (29)
dg) =3 (30)

The system of differential equations (13) may be written
in equivalent for as:

. -1
{g}=[C]"-[D] 3D
The system of differential equations (31) can be solved
by using numerical integration methods and the values of
angular velocities and angular displacements will be
obtained.

2. NUMERICAL INTEGRATION OF
DIFFERENTIAL EQUATIONS SYSTEM FOR
SOME PARTICULAR CASES

In this chapter we will perform numerical integration of
the system of differential equations for two particular
cases namely that for two specific values of the angle
alpha. If the angle is set to 2m / 7[radians] will get the
results in the figures below (Fig.2, Fig.3, Fig.4, Fig.5)

In the figure 2 are represented the values of the angular
velocities as function of leading element angular
displacements.
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Fig.2 Angular speeds as a function of time

In the figure 3 are represented the values of the angular
displacements of the leading and led elements as a
function of leading element angular displacements. The
motion is study for a second. The angular velocity of the
driving element has a value of ten radians per second.
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Fig.3 Angular values as a function of leading element
angular displacements
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In the figure 4 are represented the values of the angular
displacements of the leading and led elements as function
of time.
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Fig.4 Angular displacements as function of time
In the figure 5 are represented the values of the angular

velocities of the leading and led elements as function of
time.
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Fig.5 Angular velocities as function of time

If the angle alpha is set to 2n/5 [radians] we will get the
results in the figures below (Fig.6, Fig.7, Fig.§8, Fig.9)

In the figure 6 are represented the values of the angular
displacements of the leading and led elements as a
function of leading element angular displacements. The
motion is study for a second. The angular velocity of the
driving element has the value of ten radians per second.
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Fig.6 Angular values as a function of leading element
angular displacements

In the figure 7 are represented the values of the angular
velocities of the leading and led elements as a function of
values of the angular displacements of the leading
element. In the figure 8§ are represented the values of the
angular velocities of the leading and led elements as a
function of time. The motion is studied for a second. The
angular speed of the leading element has the value of ten
radians per second. As it can be seen the angular velocity
of the driving element (®;) is constant.
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Fig.7 Angular velocities as function of leading elements
angular displacements
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Fig.8 Angular velocities as function of time

In the figure 9 are represented the values of the angular
velocities of the leading and led elements as a function of
values of time. The motion is study for a second. The
angular speed of the leading element has the value of ten
radians per second.
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Fig.9 Angular displacements as function of time

If the angle alpha is set to 2/ 5 [radians] we will get the
results in the figures below (Fig.10, Fig.11, Fig.12,
Fig.13)

In the figure 10 are represented the values of the angular
displacements of the leading and led elements as a
function of time. The motion is study for a second. The
angular velocity of the driving element has the value of
ten radians per second.
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Fig.10 Angular speeds as function of time

In the figure 11 are represented the values of the angular
displacements of the leading and led elements of the
cardanic transmission as a function of time. The motion
of the mechanism is studied for a second. The angular
speed of the leading element has the value of ten radians
per second. One can easily observe the linear dependence
between the values of leading element angular
displacements and time.



The Scientific Bulletin of VALAHIA University - MATERIALS and MECHANICS — Nr. 6 (year 9) 2011

alfa=pi/4
R e e B S L A R B
QB+ it A glrToTrTaTr g
8 bl -1 4 5 < e R e (s
R <IN B 6+t A i
g T (U & AR T - i
R e e R FE R N R I S
h 0 S S S I N | 0 N Y S S B |

0 0.10.20.30.40.50.60.70.80.9 1
time[seconds]

Fig.11 Angular displacements as function of time
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In the figure 12 are represented the values of the leading
and led elements angular speeds as a function of the
values of the leading elements angular displacements.

alfa=pi/4

S s B
%10_5,LJ,LLJ,LLJ,L

S | e R A N A |

= 10

< [ A A e
89'57777\7\777\7\777\7

E 9 - | L | |

& 0123456738910

fil[radians]

Fig.12 Angular speeds as function of leading element
angular displacements

In the figure 13 are represented the values of the leading
and led elements angular displacements as a function of
the values of the leading elements angular displacements.
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Fig.13 Angular displacements as function of leading
elements angular displacements

3. CONCLUSIONS

Analyzing the results it can be seen that the angular speed
of the driven element is not constant. It varies between
two limits: maximum and minimum.

The values of these two limits are the followings [1]:

O3min. = ®; -cosa, for @ =n/2 ¢ =3n/2 (32)

O3max. = ®1/cosa, for ¢;=0 ¢, =2'7 (33)

It can also be noted that the driven element angular speed
varies around an average which is given by the following
relation:

O3med = (®3max + O3min )/2 (34)

or:
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O3ed = 07 - [1 + (cos oc)2 }/(2 cos oc) 395)
The cardanic transmission mechanism the kinematics of
which is studied in the present paper is only an example
to illustrate the application of the numerical method
described in the paper content.

Numerical method presented has a high degree of
generality. It can also be applied in other mechanism
kinematics study.

Numerical method exposed in the content of this work
can be applied to study the kinematics of any other
mechanism.

For solving the system of differential equations to be
made easier by computer, it is written in matrix form.
When the value of the angle alpha is set to ninety degrees
that means nt/2 radians, the mechanism locks.

4. REFERENCES

Handra-Luca V., Stoica Ion Aurel, Introducere in teoria
mecanismelor Vol.I Editura Dacia Cluj-Napoca 1982
Handra-Luca V., Organe de masini si mecanisme, Editura
Didactica si Pedagogica Bucuresti 1975

Handra-Luca V., Mecanisme Litografia I.P. Cluj-Napoca
1980

Handra-Luca V., Functiille de transmitere in studiul
mecanismelor, Editura Academiei Bucuresti, 1983
Mangeron D., Irimiciuc N., Mecanica rigidelor cu aplicatii
in inginerie. Mecanica rigidului, Vol.I (1978), Mecanica
sistemelor de rigide, VolII(1980), Editura Tehnica
Bucuresti

Manolescu N., si altii Teoria mecanismelor si a masinilor
Editura Didactica si Pedagogica Bucuresti 1972
Manolescu N., si altii Probleme de teoria mecanismelor si
a masinilor, Editura Didactica si Pedagogica Bucuresti
Vol.I (1963), Vol.IT (1968)

Oranescu A., Teoria mecanismelor si a masinilor, Editura
Didactica si Pedagogica, Bucuresti 1963
Pelecudi Chr.,,Teoria mecanismelor
Academiei, Bucuresti 1972

[10] Székely 1., Teoria mecanismelor si organe de masini,

Editura Didactica si Pedagogica Bucuresti 1968

(8]

[9] spatiale, Editura

[11] Valcovici V., si altii, Mecanica teoretica, Editura Tehnica
Bucuresti 1965
[12] Voinea R. si altii, Mecanica Editura Didactica si

Pedagogica Bucuresti 1975
Voinea R., si altii, Metode analitice noi in teoria
mecanismelor Editura Tehnica Bucuresti 1964



